The accurate determination of non-linear shear behaviour and fracture toughness of continuous carbonfibre/polymer composites remains a considerable challenge. These measurements are often necessary to generate material parameters for advanced computational damage models. In particular, there is a dearth of detailed shear fracture toughness characterisation for thermoplastic composites which are increasingly generating renewed interest within the aerospace and automotive sectors. In this work, carbon fibre (AS4)/ thermoplastic Polyetherketoneketone (PEKK) composite V-notched cross-ply specimens were manufactured to investigate their non-linear response under pure shear loading. Both monotonic and cyclic loading were applied to study the shear modulus degradation and progressive failure. For the first time in the reported literature, we use the essential work of fracture approach to measure the shear fracture toughness of continuous fibre reinforced composite laminates.
Introduction
The use of carbon-fibre/polymer composite materials in aircraft primary structures can translate to significant benefits in operating costs and performance. With the increasing utilisation of these materials, it is essential to develop a detailed understanding of their response under different loading cases (e.g. tension, compression, shear, impact, etc) to determine design allowables. Under longitudinal loading, the main response of a unidirectional (UD) pre-impregnated composite laminate is controlled by the fibre, exhibiting fibre breakage/pullout in tension and fibre kinking in compression. In contrast, transverse or shear loading may lead to large nonlinear deformation and subsequent matrix cracking, i.e., matrix-dominated failure. The response of a UD ply under shear loading is characterised by nonlinear deformation and shear-induced failure may significantly limit the load-bearing capacity of composite structures, e.g. bolted composite joints [1, 2] , where the accumulation of bearing damage leads to shear-out cracks. The morphology of composite damage, arising from impact or crush loading, has also been shown to be a function of the material's shear characteristics [3] [4] [5] .
One of the main difficulties in measuring the shear properties of these materials is in generating a pure shear stress state in the gauge section of a test specimen. This is of particular concern in composites because they exhibit high anisotropy and structural heterogeneity. In general, the ideal shear test must be simple enough to perform, require small and easily fabricated specimens and enable the measurement of reproducible values for both shear modulus and shear strength. The V-Notched Rail shear test method (ASTM standard D7078/D7078M-12) [6] is essentially a combination of the best features of two commonly used methods, the Iosipescu Shear [7] and the Two-Rail Shear test methods [8] , generating a relatively uniform shear stress state within a larger gauge section between the V-notches as well as eliminating edge crushing and the need of multiple loading holes.
In addition to the characterization of non-linear shear behaviour, the efficient design of composite structures relies heavily on the accurate prediction methods for the initiation and propagation of damage. There are several fracture energy-based approaches to model damage propagation such as the smeared crack band model [9, 10] , the use of cohesive elements [11] and X-FEM [12] , which have been applied across scales [13] . All of these methods require the determination of fracture toughness values, accounting for the overall dissipated energy in the fracture or softening process [14] [15] [16] [17] .
Round robin testing has seen the emergence of standards for the measurement of Mode I, II and mixed-mode interlaminar fracture toughness values [18] . For intralaminar fracture toughness, compact tension and compact compression [19, 20] tests have been widely adopted to measure the toughness associated with longitudinal tensile and compressive failure, respectively. Catalanotti et al. [21, 22] presented size-effect methods to measure the resistance curves (R-curves) for tensile and compressive fracture toughness. However, very few approaches have been presented, in the literature, on fracture toughness associated with shear loading. Catalanotti and Xavier [23] developed a modified cracked Iosipescu shear test, based on a similar size effect law presented by Bazant [24] , to measure the mode II intralaminar fracture toughness and R-curves of fibre reinforced composites based.
They overcame the size limitation of the Iosipescu test fixture by scaling the gauge section of the specimens. A fairly uniform fracture surface was observed and plane-strain fracture was achieved. This method is reliable when elastic behaviour dominates under shear loading. The obtained 'ideal' R-curve was based on linear elastic fracture mechanics. The rising part of the R-curve may significantly change when large plastic deformation is present. In addition, the maximum crack propagation obtained is limited by the gauge section of the specimen to around 10mm. For materials that exhibit a very large ligament of fracture process zone, the size effect obtained using this methodology may not be reliable. In this case the specimen should be scaled and a different test method should be proposed. In the current work, the fracture toughness of composite laminates used for shear testing, was assessed using the essential work of fracture (EWF). EWF is a relatively new concept for determining the energy consumption which aims to extract the energy of crack surface formation from the overall energy dissipated in the yield and fracture process. This method provides an effective means of dealing with gross ductility that can occur in the plane stress fracture state. It has been widely employed to measure the fracture toughness of ductile polymers [25] [26] [27] , and short fibre reinforced polymers [28] . However, this theory has not been applied to measure the fracture toughness of continuous fibre reinforced composites.
The need for such material characterisation is driven by the impetus towards the development of predictive numerical tools to reduce the extent of physical testing during the development of composite aerostructures.
Moreover, such tools can yield further insight into complex damage mechanisms, enabling better exploitation of these materials in aerospace and automotive structures. Composite materials may exhibit significant nonlinearity before failure, particularly with respect to shear deformations. This kind of failure was frequently observed in composite bolted joints manufactured using cross-ply and notched laminates [1, 29] , as well as the formation of permanent indentations after impact events [3, 30] . Therefore, a model dealing with shear non-linearities is required to accurately predict the failure under multiaxial loading states.
To date, two main methodologies have been widely used to model the highly anisotropic behaviour of composite laminates. The first is based on the plasticity theory of anisotropic material using anisotropic flow surface and flow rule [31, 32] . The other is a physically-based phenomenological failure surface taking into account different failure mechanisms [33, 34] . Recently proposed models range from detailed micromechanical models, with a discrete representation of the constituents and interfaces, to meso-scale models homogenized at the ply or laminate level for structural analysis. Micro-mechanical analysis models (Totry et al, [35] ) with appropriate models for the constituents (fibre, matrix and interface) provide detailed information on the actual deformation and fracture process of polymer composites and do not require the simplifying assumptions used in models developed at higher length scales. Although micro-mechanical analysis models are ideal to design the material itself and to understand the effects of defects, such models are currently not suitable for application at a structural level as the link between micro-mechanical and macro-mechanical scales is not well established.
Regarding the meso-scale level, Van Paepegem et al. [36, 37] proposed a phenomenological model which introduced shear damage and permanent shear strain as two state variables to model the non-linear shear behaviour. Vogler [38] and Camanho [39] presented a fully three-dimensional transversely isotropic elastic-plastic constitutive model for composite materials to represent the plasticity-based non-linearities under multiaxial loading conditions. This model was coupled with a smeared crack model to simulate the onset and propagation of ply failure. Vyas et al [40] presented a plasticity-based approach to model the nonlinear mechanical response of polymer-matrix fibre-reinforced composites with unidirectional plies under quasi-static loading. However, the interactive damage mechanisms and material non-linearity with degraded shear moduli are not handled well by these models. Loads that induce damage may also cause local unloading, which is not captured by these models.
It is therefore essential to continue the work in the understanding and simulation of composite structures under shear loading to mitigate current limitations.
The aim of this study was to characterize the nonlinear behaviour and fracture toughness of a high performance thermoplastic composite, AS4/PEKK, under shear loading and to use this information to develop a high fidelity finite element based damage model. A V-notched rail shear test fixture was employed to apply a pure shear stress state on modified specimens, using gauge section scaling, and determine the in-plane shear fracture toughness based on the essential work of fracture (EWF). A three-dimensional phenomenological model was subsequently implemented in ABAQUS/Explicit as a user subroutine. It is based on [4, 41] and is capable of representing the plastic deformation of the matrix as well as the onset and propagation of the ply failure mechanisms governed by the in-plane shear fracture toughness, considering the progressive shear modulus degradation, accumulation of permanent plastic strain and isotropic hardening to deal with loading, unloading, reloading and/or load reversal.
Materials and Methods

Materials preparation and test set-up
The fibre reinforced composite material used in this study was manufactured from unidirectional carbon fibre (AS4D 12K) / poly-ether-ketone-ketone (PEKK) tape provided by Cytec Engineered Materials ® with a volume fraction of 60% [42] . Cross-ply [0˚/90˚]6s , unidirectional [0˚]24 and [90˚]24 CF/PEKK composite plates with 24 plies were fabricated using a Collin ® heated press. For the consolidation cycle, laminated plates were heated at a constant rate of 15 °C/min until 372 °C and held at this temperature for 30 minutes under 7 bar pressure.
Afterwards, the composite plate was cooled to 120 °C at 2 °C/min under the same pressure (7 bar) which was subsequently released and the composite plate cooled to room temperature in ambient conditions. The nominal thicknesses of the composite plate was measured at 3.36±0.1 mm. Rectangular specimens (76 mm × 56 mm) were cut from cross-ply laminates to prepare the shear test specimens. 90° V-notches with a notch root radius of 1.3 mm were machined by milling. The V-notched specimens were tested in shear using a screw-driven mechanical testing machine under displacement control at a constant cross-head speed of 1 mm/min (Fig. 1a ).
The applied load was measured continuously with a 50 kN load cell. To ensure a proper grip of the loading fixture to the specimens, the specimen surfaces were roughened using sandpaper.
Biaxial strain gauge rosettes were fixed to the centre of the specimens on the back side to measure the strains +45° and −45° in the ±45° direction. The engineering shear strain 12 is obtained by 12 = | +45°| + | −45°| . The average in-plane shear stress, within the ligament, was calculated from the load and the ligament cross sectional area, assuming the effect of stress concentrations at the notches are negligible, 12 = ⁄ = ( × ℎ) ⁄ , where is the ligament length between notches and ℎ is the specimen thickness at the notch ( Fig. 1b ). At the same time, a 3D digital image correlation system (DIC, Dantec ® ) was employed to capture the strain field on the other surface of the specimens. The gauge section at the centre of each specimen was sprayed white and speckled with black paint for DIC measurements. Typically, a facet size of 13×13 pixels is chosen. The stress-strain curves obtained by DIC and strain gauges (SG) matched well until a strain of approximately 8% was reached ( Fig. 1c ), beyond which, the strain gauges detached from the specimen. The DIC was able to provide shear strain measurements to 50% until the initiation of fracture.
Optical microscopy and SEM
Several tests were interrupted at different load levels and plastographic samples were prepared from these specimens to ascertain the progressive development of damage. Sections parallel and perpendicular to the loaded edges were cut and embedded in resin. They were sectioned and polished on SiC paper with 400 to 1200 grit finish, followed by 1 alumina oxide in preparation of examination under an optical microscope. The fracture surface was also examined using Scanning Electron Microscopy (SEM). . The initial linear behaviour was followed by the onset of matrix plastic deformation (developed from 2% to 10%). This region was then continued with a strain hardening part, where the hardening rate was practically constant with a linear increase in the material load-bearing capacity. Fibres in this region carried the majority of the axial loads and started to rotate progressively, whilst large matrix deformation was observed to accompany the fibre rotation. The fibres are idealised to act in a scissoring motion, realigning towards the direction of applied stress, allowing further strain to be taken by the laminate. Final fracture was characterised by extensive delamination, matrix cracking and fibre breakage.
Experimental results
Shear loading on cross-ply laminates
Several consecutive loading-unloading cycles were applied to specimens, and considerable permanent shear plastic strain was observed. This inelastic strain is irreversible due to the presence of plasticity and/or extensive matrix cracking. The hysteresis loops presented similar shapes with increasing stress levels after the fibres began to rotate under shear loading. To characterise the stiffness degradation, the in-situ stiffness was defined as the secant shear modulus of each loading-unloading cycle as shown in the Fig. 3a . The relationship between shear modulus and applied shear strain are plotted in Fig. 3b . It can be seen that the shear modulus degraded quickly in the initial matrix yielding regime and then reached a constant level of 2.5 GPa during the fibredominated load bearing process, indicating that the reduced stiffness is mainly associated with matrix plastic deformation. This also confirms that the shear modulus is controlled by matrix deformation and fairly independent of fibre properties, while the linear hardening region relies on the elastic properties of the fibres.
In order to investigate the progressive irreversible damage of the composite material under shear loading, several cyclic tests were performed and unloaded at strains of 18%, 34% and 48%. Polished plastographic sections from the = 34% and = 48% specimens, parallel to the central notches, were prepared and examined using an optical microscope. Fig. 4b shows that there is neither apparent interlaminar nor intralaminar damage when specimens were loaded to an applied strain of = 34% , during which the stress increases linearly as the fibres rotate and support axial loading. At a strain of = 48%, in the strain softening region, out-of-plane movement of fibre and matrix was shown clearly by comparing section A-A and B-B. This is probably attributed to the several apparent damage modes observed such as matrix cracking, interface debonding, fibre breakage as well as delamination. It is noted that the matrix can experience large plastic deformation without cracking, while the fibre can carry load and maintain overall integrity until the failure strain is reached. The occurrence of extensive matrix plastic deformation suggests a strong fibre/matrix interface bond. In the final stage, the main load drop was caused by fibre pull-out and fibre breakage ( > 50%).
Shear loading on unidirectional laminates
Experimental tests were also conducted on unidirectional laminates with fibres parallel (V-90˚) or perpendicular (V-0˚) to the applied shear loading direction. Fig. 5 shows the behaviour of unidirectional laminate specimens under different shear loading orientation. V-0˚ group samples were loaded in a direction perpendicular to the fibres while V-90˚ groups were loaded in a direction parallel to the fibres. The V-90˚ specimens failed at very low strain with a crack propagating through the matrix in the central notch area with little plastic deformation. Fast fracture was triggered by the stress concentration at the notch tip, as expected. Once crack initiated, rapid matrix-dominated failure propagated instantaneously along the fracture plane. The V-0˚ specimens indicated two sudden load drops at the initiation of the non-linear transition region, which was caused by the appearance of two cracks, propagating from each notch tip and parallel to the fibres. These cracks, along the fibre direction, were generated due to complementary shear stresses in the transverse direction. Details of the failure process can be seen in Fig. 5 ,
where matrix cracking was the dominant failure mode, accompanied by fibre rotation, fibre pullout and fibre breakage in the final stages. The stress-strain curves of V-0˚ and V-90˚ groups were almost identical in the initial part before crack initiation. Subsequent failure modes, following the occurrence of splitting cracks in the V-0˚ specimens, were not caused by pure shear loading. Consequently, the non-linear behaviour beyond 2% strain, shown in Fig. 5b , is not necessarily indicative of the shear response. The initiation of cracking in unidirectional laminate specimens, at relatively low loading, suggests that these specimens are not appropriate for the full characterisation of the non-linear behaviour of the composite laminate. However, the constitutive response of the ply can be assumed to be the same when shear loading is applied perpendicular or parallel to the fibres without considering the non-linear part in V-0˚ specimens, beyond 2% strain, different from the finding of Totry et al. [35] .
This assumption is very important when using continuum damage mechanics, where the constitutive response of the ply is the same when sheared perpendicular or parallel to the fibres. Hashemi [43] for a similar thermoplastic material (pure matrix -PEEK) using essential work of fracture.
Fracture toughness measurement
Fracture toughness associated with shear loading
The complex failure modes of material under shear loading make it very challenging to determine the intrinsic laminate-level or ply-level fracture toughness using conventional methods. In this paper, the fracture toughness of composite laminates under shear loading was assessed using the essential work of fracture (EWF). EWF aims to extract the energy of crack surface formation from the overall energy dissipated in the yield and fracture process.
This method is particularly appropriate when gross ductility is evident in a plane stress fracture state. EWF is only effective when the ligament part has fully yielded before crack onset and plane stress conditions prevail. With reference to Fig. 1b , the total work can be written as the sum of two terms: (i) the essential work performed in the fracture process zone (FPZ), ,as an area-dependent value, and (ii) the non-essential work consumed in the plastic zone which is a volume-related value; = + = + 2 . Dividing both sides by , where B is the thickness of the specimen, the specific fracture work is given by = + , and are the specific essential work and non-essential work, is a shape factor, and is the average plastic work density. Through conducting a series of experiments on V-notched specimens with different ligament lengths, , and as the intercept and slope of the curve, respectively, can be obtained.
It has been recommended by Cotterell and Reddell [44] that the range of ligament lengths, , be defined by (3~5) ≤ ≤ 2 , for metals when subjected to the plane-stress. The ligament must be in a state of pure plane stress with fracture occurring after complete yielding of the ligament. This necessary requirement ensures that , and are all independent of the ligament length. This imposes upper and lower limits on the ligament length.
The upper limit is determined by the size of the plastic zone, 2 = 2 ⁄ , ahead of a crack tip. The lower limit is governed by the thickness, in the order of 3 to 5 , where is the overall laminate stiffness and the yield strength. The specimens used in our study are within this range. The obtained value, , is equivalent to the fracture toughness associated with shear loading, which is a required input parameter for a number of computational damage models [3] [4] [5] 45 ].
Toughness test setup
The overall material behaviour under in-plane shear loading consists of matrix yielding, matrix cracking, fibre rotation, fibre breakage, and delamination. In addition, the plane-stress state with large plastic zone made it hard to extract the fracture toughness. Stable crack propagation along the ligament length was not observed either. In this case, classical methods based on linear elastic fracture mechanics (LEFM) to deduce fracture toughness, such as through the area method or compliance method, are not appropriate. To achieve a clear and straight fracture plane with less delamination and intralaminar damage, side grooves were introduced in the ligament area of the specimen to raise the localised stress and facilitate crack growth along that direction. High stiffness steel tabs were used to clamp the specimen and restrict the out-of-plane movement of fibres, as shown in Fig. 6a .
Specimens with six different scaled ligament lengths were tested. Table 1 shows the relevant average geometrical parameters of ligament length and groove thickness and corresponding experimental results. Three specimens were tested for each geometry, V-0/90-XX, where XX is the percentage of ligament scaling, e.g. 03 represents 30% of the original ligaments. The failed specimens are shown in Fig. 7a , where the extent of fibre breakage and delamination were observed in proportion to gauge length. The inner sublaminate experienced sliding from the two outer sublaminates, illustrated in Fig. 6b . The load-displacement curves are shown in Fig. 7b . Key images (labelled 1 to 5) are displayed in Fig. 7c to illustrate the overall yield and fracture process for specimen V03. Stage 1 shows full yielding in the ligament region before crack onset. Delamination is shown to initiate from stages 2 to 4 as the fibres rotated and picked up loading under tension, giving rise to the strain hardening behaviour observed in the specimens. In the final stage, sudden fracture occurred with extensive fibre failure. The 'forest' of fibres that had been subjected to mode II loading is observed in Fig. 8a . The 'forest' was a result of the formation of rotated fibres, fibre pull-out and fibre breakage. The development of the fracture process zone (FPZ) and plastic deformation zone occurred across the entire ligament length between the two notches. The fracture process for the grooved V-notched specimens under shear loading is illustrated in Fig. 8b . After the matrix has fully yielded, voids are formed due to extensive matrix cracking, each growing in a direction perpendicular to the maximum principal stresses. As the shear deformation increases, the voids and fibres rotate towards the direction of crosshead movement, while the fibres pick up loading under tension. Finally, fibre pull-out and fibre breakage occurred and gave rise to the fracture surface shown in Fig. 8a .
Energy calculation
In order to obtain the fibre-dominated fracture toughness under shear loading, an accurate calculation method is required to distinguish other components (e.g. friction and delamination) contributing to the overall apparent fracture toughness. Based on the energy balance theory, the energy dissipated by different components was classified as total energy, frictional energy and delamination energy. From the area under the load-displacement curves in Fig. 7b , the total energy dissipated was calculated according to = ∫ , where is the applied loading and is the displacement.
Since there is relative large movement between the inner and two outer sub-laminates, and large normal clamping forces, the energy dissipated by friction cannot be ignored. The work done by the friction force was approximated as = , where is the friction coefficient, is the clamping force and is the distance over which the force acts. The friction coefficient was determined according to ASTM D1894 -14 [46] . , acting directly on the delaminated area, 3 , is given by = 3 3 1 ⁄ (Fig. 10a ). From the failed specimens ( Fig. 8a) , was measured directly. The combined frictional and fibre tensile force is represented by which is parallel to the shear loading direction. The average velocity along the resultant force direction is ̅ = 0.5 . Since the friction displacement, associated with sub-laminate rotation under shear loading increases linearly along the fibre direction, the overall frictional energy in one contact surface was calculated from an equivalent displacement of ̅ = 0.5 where is the total time. Consequently, the friction energy consumed by one contact surface can be calculated according to ′ = 0.5 . As there are four contact surfaces, = 4 ′ . The energy dissipated by delamination was determined by multiplying the mode II interlaminar fracture toughness by the delaminated area, = 4 3 . Based on an energy balance, the overall energy necessary to fracture a specimen can be decomposed into two components, = ℎ + , where the fracture energy , = − − , and is the area under the force-displacement curve. The essential work of fracture for creating new surface in the shear specimens is ℎ = ℎ 0 . The nonessential work dissipated due to plastic deformation of the surrounding area is = 2 0 . As a result, the specific fracture work is given by,
Typical specific work of fracture, , versus plots from V-notched shear tests are shown in Fig. 10b . The critical specific work of fracture under shear loading was determined by linear regression of values to zero ligament thickness. The laminate fracture toughness associated with shear loading was obtained as ℎ = _ = 576.62 / 2 . Fig. 11a and Fig. 11b show the representative SEM fracture surface images of tested sample V-0/90-03, indicating extensive rotation, pull-out and breakage of fibres. Fig. 11b shows that most of the fibres exhibited net tension failure supporting the hypothesis that fibre tension was the primary loading mechanism characterising the second linear regime of the stress-strain curve in Fig. 3a and Fig. 7b . Fracture surfaces of individual fibres are shown in Fig. 11c . ①-B (Fig. 11c) shows the tensile fracture surface of a fibre. ①-A ( Fig. 11c) indicates two distinct fibre failure modes; tensile fracture and shear-band fracture at the same position. If the shear-band fracture was generated by the shear loading, the two adjacent fibres should show the same fracture surfaces assuming the shear loading was distributed uniformly in this local area. ①-A in Fig. 11c shows the fracture process of fibre under localized bending. The shear cusps and a large amount of fibre fragmentation at the root part of fibre bundle, shown in the Fig. 11c , can be attributed to the mixed-mode loading including shear, compression and bending. Evidence of bending failure can be seen in ①-B as well. Therefore, the shear-band like fibre fracture surface was not caused by shear loading but bending. The fractographic analysis suggests that matrix yielding and fracture under shear loading, permitted the fibres, perpendicular to the loaded edges, to rotate and take up loading in tension. Consequently, the fibres in the V-notched shear test specimens failed by a combination of tension and local bending. The corresponding shear fracture toughness is mainly attributed to the complex failure modes involving fibre tensile failure, fibre pull-out, fibre/matrix interface debonding, delamination and following fibre bending fracture. The main energy-dissipating mechanism raising the toughness of fibre composites could be the extensive fibre breakage, interfacial debonding and fibre pull-out events evident in Fig. 11 and Fig. 12 . With reference to the schematic in Fig. 12 , extensive fibre bundles were pulled out of the surrounding resin with crack advancement, with fracture occurring away from the crack plane. Similar observations have been reported by Lafan et al. [47] , where the measured intralaminar fibre toughness of the thicker layers was nearly twice the value of the thinner ones due to larger bundles of fibres being pulled out. Pimenta and Pinho [48] proposed an analytical method considering debonding and pull-out of bundles from quasi-fractal fracture surfaces, in which the predicted debonding and pull-out fracture toughness were as high as 240 / 2 and 255 / 2 respectively.
Fractographic analysis
Assessment of the measured fracture toughness
The fracture toughness governs the damage evolution in the final facture process. To validate this value, a simplified model based on cohesive zone model was presented here. While the energy absorbed due to the nonlinear shear behaviour is proportional to the volume of the specimen, the energy absorbed by the fracture process is proportional to the area created. Only the elastic internal energy at onset of failure contributes to the fracture process. The fracture energy is the integral of the shaded area in Fig. 2a . The results are given in the Fig.   13c . Assuming the energy was fully dissipated in a certain fracture plane, the shear model was simplified by a model with cohesive surface behaviour in the central notch plane shown in Fig. 13a . Different fracture toughness ranges from 1 = 2.358 / 2 ( mode II interlaminar fracture toughness), 2 = 34.58 / 2 ( mode II intralaminar matrix fracture toughness) to 4 = 576.62 / 2 ( _ shear fracture toughness of cross-ply laminates based on essential work of fracture) were used in the model and the corresponding forcedisplacement curves were integrated to yield the fracture energy in Fig. 13b. Fig. 13c compares the fracture energy values from the experiment and simulation, indicating that the fracture toughness measured from the essential work of fracture (EWF) was suitable as an input value to dissipate a correct amount of fracture energy under shear loading.
Modelling the non-linear behaviour
Constitutive law
The developed Intralaminar Damage Model (IDM) is based on the continuum damage mechanics, proposed by
Chaboche [49] and Lemaitre [50] , as a method to determine the behaviour of a material under damage-inducing loads. The effective stresses are defined as stresses transmitted across the intact part of the cross-section in a Representative Volume Element (RVE). The damage tensor is a function of three monotonically increasing damage variables, bound by 0 (no damage) and 1 (complete failure), each relating to a form of damage mode under a different loading state; (i) 11 refers to tensile damage in the fibre direction, (ii) 11 refers to compressive damage in the fibre direction and (iii) refers to matrix cracking due to a combination of transverse tension/compression and shear loading, which is a unified matrix damage mechanism and replaces the previous model presented in [4] . The components of the effective stress tensor, ̃ , and true stress tensor, , can be linked by the damage tensor, , undamaged material elasticity tensor and the strain tensor ε, =̃= ε.
Non-linear shear response
Constitutive law
Considerable plastic shear strain and modulus degradation was observed with several consecutive loadingunloading cycles applied to test specimens. Prior to damage initiation, shear loading and unloading occurs along gradients defined by the initial shear modulus and degraded shear modulus * , shown in Fig. 14a , respectively. The shear strain is decomposed into the elastic part , and the inelastic/plastic part , ,
The elastic strain is given by, , = / * , .
According to plastic-damage theories, the plastic strain , = − , represents all irreversible deformations including those caused by matrix microcracks.
The stress-strain constitutive laws, at time step t, are represented by an exponential model,
where is the initial yield strength, determined by the 2% offset strain point, is a strain hardening coefficient and controls the initial shear modulus and elastic-plastic transition region . To characterize the degradation of the secant shear modulus, a degraded shear modulus, * , , was introduced and a strain-degraded modulus curve is shown in Fig. 16 . The degradation modulus was coupled with the plastic deformation in the constitutive relation, making it convenient to obtain the fitting parameters from experiment results, * , = 1 ( 2 | |) + 3 ( 4 | |).
Isotropic hardening model
The capability of the proposed model to capture both non-linearity and different loading and unloading paths allows stress-strain hysteresis phenomena be accurately reproduced by the VUMAT subroutine, which is illustrated in Fig. 14b and Fig. 15b (flow chart) , showing the steps involved in determining the final load state using elastic predictor method. The nominal stress is updated based on an explicit integration scheme.
In the case of unloading and reloading, an initial stress state ( , ) is reached after partial unloading along the in-situ shear modulus ( * ). The stress state after subsequent reloading to +Δ depends on whether plastic yielding has occurred. At a stress state below the yield stress, the material behaves elastically. Once yielding occurred, stress is updated according to the yield surface. For a material under a reversed loading condition, the subsequent yield stress is determined by the isotopic hardening approach, which assumes the reversed compressive/shear yield stress is equal to the tensile/original yield stress (| | = | |). Isotropic hardening only applies while the loading remains below the threshold of matrix damage initiation ( , = 0). Once matrix cracking initiates, unloading occurs along the reduced secant shear modulus to the permanent plastic strain , at damage initiation. Typical cyclic loading response with increasing amplitude and corresponding damage parameter are shown in Fig. 16a .
Progressive failure
Damage initiation
A strain based damage initiation function was used, for simplicity, to model the material response in the longitudinal direction. The failure initiation criterion based on Puck and Schürmann's [51] and Catalanotti et al. [52] was used for predicting matrix damage behaviour. The failure criteria for fibre-dominated mode and matrix dominated mode were given as follows,
Fibre-dominated 11 > 0, 11 
The criterion will be determined whether the normal stress in the fracture plane is compressive or tensile.
Parameters and are given by = 23 2 − ( ) 2 23 ⁄ , = 2 23 12 ⁄ − , 12 and 23 are the shear strengths.The transverse friction coefficients, defined in [13] , are based on Mohr-Coulomb theory where = − 1 tan(2 ) ⁄ , 23 = 2 tan( ) ⁄ and = 12 23 ⁄ , is the transverse compressive strength, the initiation strain 11 ( ) = ( )
11
⁄ . The fracture plane orientation, , is typically found to be approximately 53° for unidirectional composites [13] under uniaxial transverse compressive loading.
Damage evolution
The overall progressive failure process can be represented by three stages shown in Fig. 16b . The first stage is initially characterized by plastic deformation and matrix micro-cracking. The increase in crack density leads to micro-crack coalescence and then to damage saturation. In the second stage, fibre rotation occurs, while the stiffness slightly decreases and the damage almost remains constant. At the final stage, a number of damage modes develop rapidly leading to a corresponding rapid reduction in stiffness and fracture. Two parameters are introduced to describe the matrix-dominated damage propagation, , under shear loading: (i) shear damage in the strain hardening part, , and (ii) shear damage in the strain softening part, .
where is the current shear strain, is the final failure shear strain, , is the inelastic strain at the onset of fracture. In order to account for irreversibility, the damage variable as a function of analysis time, t, is defined as
Damage is triggered when the shear strength, , is reached and the response follows a negative tangent stiffness resulting in the softening of the secant shear modulus, with increasing applied strain, to (1 − ) * , shown by path 3 in Fig. 14a . Consequently, final failure strain, , is determined by,
where , is the plastic strain at the onset of failure. Mesh objectivity of the model was achieved by employing the crack-band model of Bažant and Oh [53] , where a characteristic length of the finite element (equivalent to a RVE), g = Γ / * . * and the corresponding fracture toughness Γ were used. g is the volumetric energy release rate associated with elastic fracture energy. A quadratic interpolation function for the fracture energy in the mix-mode case was described in [3] to account for the multidirectional loading cases. An accurate measure of the characteristic length is the ratio of the elemental volume and fracture plane area , * = / , described in [3] .
Modelling results
Finite element model
Three dimensional finite element models were developed, including the V-notched specimen, with appropriate boundary conditions. The nodes in the left and right clamped areas were all constrained to reference points. A vertical constant velocity was applied on reference point at the left half and the reference point at the right half was fixed in all three coordinate directions. All finite element analyses were performed using the software package ABAQUS 6.12/EXPLICIT [54] . The numerical damage models were implemented in a user-defined material subroutine, VUMAT. Fig. 15 outlines the overall structure and non-linear shear part of the IDM as implemented in the VUMAT. The developed IDM assesses damage in a continuous fibre composite ply. Fibre-dominated damage is primarily associated with loading along the fibre direction. The anticipated damage will occur in the form of net fibre pull-out and breakage in tension and predominantly fibre kink band formation when loaded in compression.
Matrix-dominated damage is primarily associated with transverse and shear loading, which leads to plasticity and formation of cracks in the matrix material. The use of a CDM based softening constitutive relationship necessitates the determination of a characteristic length to correctly scale the critical energy density. During the solution process, the analysis will pass strain values to the subroutine. It is the role of the subroutine to calculate a suitable stress. This is then fed back into the analysis which determines updated deformations. This process is repeated for each element at every time increment.
Laminates level model
To verify the three-dimensional phenomenological model, the overall stress-strain response measured from the cross-ply laminates, Fig. 17c was utilized directly as the constitutive law to express the laminate non-linear behaviour. The overall fracture toughness obtained from the essential work of fracture was attributed to the cohesive fracture surface, where the surface-based cohesive behaviour in ABAQUS/Explicit [54] was used to capture delamination using a bilinear traction-separation relationship. The input data used is given in Table 2 [42, 55] . The specimen was modelled as a homogenised part where the global stiffness was calculated based on classical laminate theory.
The stress-strain curve obtained from a single element test (denoted by 'Num' in Fig. 17b ) correlates well with experimental results (denoted by 'Exp' in Fig. 17b ). The presented model was capable of reproducing the nonlinear behaviour in the yielding and strain hardening part. The degraded stiffness and permanent plastic strain were shown to be in good agreement with experimental observations. The damage parameter represented by the dashed line can be divided into two stages. In the first stage, damage initially increased rapidly, representing microcracking, before reaching a plateau. This is consistent with the observed trend in modulus degradation.
When the stress reached the macroscale damage initiation criterion, the damage started to increase rapidly until full fracture. The damage evolution was governed by the fracture toughness. Fig. 17a shows the strain contour obtained from DIC and FEA. The simulation was able to capture the stress concentration in the central notch region as well as the fibre rotation features. The cohesive fracture at a displacement of 6mm, illustrated by Fig.   17b , is a simplified representation of the failure mode in shear. In Fig. 17d , the overall load-displacement curve shows the model can capture the initial yielding part before the displacement reached 6mm. Afterwards, cohesive fracture was initiated, leading to a peak load mismatch between the experiment and simulation results. In the damage propagation part, the force-displacement history, predicted by the model, shows a larger final displacement, but the dissipated fracture energy was close to the experimental test. The models developed at the length scale of the laminate are ideal for preliminary design and optimization because such models are able to provide very fast predictions. However, models developed at laminate-scale level have three main disadvantages: loss of accuracy, loss of generality, and increased number of material properties, i.e. parameters need to be remeasured for different layups and geometries.
Ply Level model
It has been shown that the strain hardening part was mainly caused by the fibre rotation and corresponding fibre tension. During the fibre rotation stage, the microscopic inspection in Fig. 4 showed that the matrix was still able to sustain the fibres without apparent extensive matrix cracking. The matrix behaviour after yielding can be approximated as perfectly plastic to allow the decomposition of the lamina nonlinear shear behaviour from the overall laminate shear response. In this ply level model, the strain hardening part of the stress-strain curve, accompanied by fibre rotation, was not accounted for; an approach assuming the perfectly-plastic relationship used in other models [56, 57] . The ply-level constitutive law was shown in Fig. 18a . Similar to the laminate level model, this model can still reproduce the stiffness degradation and two-stage damage evolution. The mode II fracture toughness measured by shear loading on a unidirectional laminate was used for the fracture toughness.
The 0˚/90˚ v-notched specimens were modelled using 24 individual plies. The interfaces between the individual plies were modelled with a cohesive surface contact law based on Benzeggagh-Kenane (BK) [58] . The material properties used are given in Table 2 . The numerically predicted strain contours, at different loading stages, are compared with experimental results (Fig. 19a ) and show good qualitative and quantitative agreement. The predicted structural deformation and uniformly distributed fibre debonding on the surface of v-notched specimens was similar to those observed experimentally. It can be clearly seen in Fig. 19b that the fibre tensile damage was initiated in the strain hardening region. This again confirmed that the elastic deformation of the fibres controls the overall behaviour during this stage. The displacement compatibility between matrix and fibre led to the progressive rotation of the fibre with applied shear strain and increased the axial stress sustained by the fibres. The green contours in Fig. 19c represent the damage accumulated in the plastic deformation region during initial yielding.
The red contours (Fig. 19c ) primarily represent the matrix damage which is concentrated in the central notch region and is shown to increase rapidly during the fracture process beyond a strain of > 48% . The overall load-displacement response of the numerical test correlates well with the experimental tests (Fig. 18b ) in the elastic region as well as the fibre rotation region and global fracture regime. The permanent deformation and degraded stiffness were well represented in the model when unloading was applied. The predicted peak load was shown to be in good agreement with the test response, indicating the failure criteria was able to predict the onset 
Conclusions
In this work, an experimental programme was conducted to characterize the intralaminar non-linear behaviour and fracture toughness associated with shear loading of carbon fibre (AS4)/ thermoplastic Polyetherketoneketone (PEKK) composite. V-notched cross-ply specimens, recommend by ASTM standard D7078/D7078M-12, were employed to investigate the non-linear response under pure shear loading. Both monotonic and cyclic loading were applied to study the shear modulus degradation and progressive failure. Fracture toughness associated with shear loading was measured based on the concept of essential work of fracture which is only proportional to the ligament area as an intrinsic material property. Excellent geometric similarity in the load-displacement curves was observed for ligament-scaled specimens. The main conclusions of this work can be drawn as follows:
 In-plane (intralaminar) shear behaviour of AS4/PEKK showed initial elastic response, followed by a nonlinear regime with the initiation of matrix plastic deformation and a linearly increasing plastic region controlled by the elastic deformation of fibres until final failure.
 The shear modulus of AS4/PEKK decreased dramatically during the initial matrix plasticity phase and then maintained a relatively constant value as the fibres picked up loading in tension.
 Fractographic images support the hypothesis that fibres failed in tension and bending in the final fracture process.
 The laminate fracture toughness associated with shear loading was determined using the theory of specific work of fracture, _ = 576.62 / 2 , which is utilized by the laminate-level model. Table 2 . Material properties for laminate-level and ply-level model [42, 55] 
Material Property Values
Elastic Properties (laminate)
Elastic Properties (ply) 
